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On binary relations without non-identical endomorphisms
Apoloniusz Tyszka
tttSummary. On every set A there is a rigid binary relation, i.e. such
a relation R that there is no homomorphism (A,R)-----L(A,R) except the
videntity (Vopenka et al. [1965]). We state two conjectures which
strengthen this theorem.
k2tttCONJECTUREt1. If k is an infinite cardinal number and cardtAt<t2
then there exists a relation RtctAtKtA which satisfies
x,ytetA {x}tctA(x,y)tctA f:A(x,y)-----LAttttAt Et At f is not a homomorphism of R.x$y cardtA(x,y)t<tk f(x)=y
tttCONJECTUREt2. If k$0 is a limit cardinal number and
asup{2t:aeCard,a<k}cardtAt<t2 then there exists a relation RtctAtKtA
which satisfies
x,ytetA {x}tctA(x,y)tctA f:A(x,y)-----LAttttAt Et At f is not a homomorphism of R.x$y cardtA(x,y)t<tk f(x)=y
tttConjecture 2 is valid for k=w (Tyszka [1994]). We prove
Conjecturet1 for k=w.
tttOn every set A there is a rigid binary relation, i.e. such a relation R
that there is no homomorphism (A,R)-----L(A,R) except the identity (see [4] and
[1]). The following two conjectures were stated in [2] in a more complicated
form.
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k2tttConjecture 1. If k is an infinite cardinal number and cardtAt<t2 then
there exists a relation RtctAtKtA which satisfies the following condition (*):
x,ytetA {x}tctA(x,y)tctA f:A(x,y)-----LA(*)tAt Et At f is not a homomorphism of R.x$y cardtA(x,y)t<tk f(x)=y
tttRemark 1 ([2]). If RtctAtKtA satisfies the condition (*) then R is rigid.
If k is an infinite cardinal number and a relation RtctAtKtA satisfies the
k2condition (*) then cardtAt<t2 .
tttConjecturet2. If k$0 is a limit cardinal number and
asup{2t:aeCard,a<k}cardtAt<t2 then there exists a relation RtctAtKtA which
satisfies the following condition (**):
x,ytetA {x}tctA(x,y)tctA f:A(x,y)-----LA(**) At Et At f is not a homomorphism of R.x$y cardtA(x,y)t<tk f(x)=y
tttRemark 2 ([2]). If RtctAtKtA satisfies the condition (**) then R is rigid.
If k$0 is a limit cardinal number and a relation RtctAtKtA satisfies the
asup{2t:aeCard,a<k}condition (**) then cardtAt<t2 .
tttTheorem 1 ([2]). Conjecture 2 is valid for k=w.
tttIn this paper we prove Conjecture 1 for k=w. We begin from
-----1 r3 2introductory results. Let p =(0,0),p =(1,0),p =(-----,----------), U:={(a,b)eR :1a-b1=1},0 1 2 2 2
2 2 -1 -1Ft:=t{RtctRtKR :tRuRtt=U,tRnR ={(p ,p ),(p ,p ),(p ,p ),(p ,p )},(p ,p )eR}.0 1 1 0 0 2 2 0 1 2
2 2 2tttObservationt1. If S,ZeF, {p ,p ,p }tctXtctR , f:X-----LR and f:<X,S>-----L<R ,Z>0 1 2
is a homomorphism, then f(p )=p , f(p )=p , f(p )=p .0 0 1 1 2 2
2 2 2tttObservationt2. If S,ZeF, XtctR , f:X-----LR and f:<X,S>-----L<R ,Z> is a
-1 -1homomorphism, then f is a homomorphism of SuStt=ZuZtt=U i.e. f preserves all
unit distances.
ntttLemma ([3]). If x,ytetR (n>1) and e>0 then there exists a finite set
n nT (e)tctR containing x and y such that each map f:T (e)-----LR preserving allxy xy
unit distances satisfies 11f(x)-f(y)1-1x-y11t<te.
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2tttNote. Let us consider the finite set T (e)tctR from the above Lemma. Forxy
2each ttetT (e) there exist points t(0),t(1),...,t(m(t))tetR t(m(t)ew)xy
satisfying: t(0)=t, t(m(t))=x, 1t(i)-t(i+1)1=1 (0<i<m(t)-1). The finite set
~T (e):=tutttttt{t(0),t(1),...,t(m(t))}xy teT (e)xy
~has the property from the Lemma and the graph U is connected on T (e).xy
tttThe following Theorem 2 was proved in [2] in a more complicated way.
Theorem 2 immediately implies a weaker version of Theorem 1.
tttTheoremt2. If ReF then R satisfies the condition (**) for k=w.
2tttProof. Assume that ReF, x,ytetR and x$y. Since p ,p ,p are not collinear0 1 2
there exists ie{0,1,2} satisfying 1p -x1$1p -y1. Leti i
&11p -x1-----1p -y11*2 i iR (x,y):={p ,p ,p }uT |---------------------------------------------------------------------------|.0 1 2 p x 2i 7 8
2 2 2The set R (x,y) is finite. Assume that f:R (x,y)-----LR is a homomorphism of R.
We need to prove that f(x)$y. According to Observationt1 f(p )=p , byi i
Observationt2 f preserves all unit distances. From this, applying the Lemma
we obtain
11p -x1-1p -y11 11p -x1-1p -y11# i i i i $1p -f(x)1=1f(p )-f(x)1tet 1p -x1t-t---------------------------------------------------------------------------t,t1p -x1t+t--------------------------------------------------------------------------- .i i 3 i 2 i 2 4
On the other hand
11p -x1-1p -y11 11p -x1-1p -y11# i i i i $tttttttttttttttt1p -y1tmt 1p -x1t-t---------------------------------------------------------------------------t,t1p -x1t+t--------------------------------------------------------------------------- .i 3 i 2 i 2 4
Therefore f(x)$y. This completes the proof.
tttWe are now in a position to formulate the main result.
2 2tttTheoremt3. If ot$tJtctF then the relation Rttct(RtKJ)tKt(RtKJ) defined byJ
the following formula
2 & *Atx,ytetR AtS,ZtetJ ((x,S),(y,Z))tetR t46t(x,y)tetS=Z7 J 8
satisfies the condition (*) for k=w.
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2tttProof. Assume that (x,S),(y,Z)tetR KJ and (x,S)$(y,Z). Let p:{S}-----L{Z}.
tttFirst case: x$y. Since p ,p ,p are not collinear there exists ie{0,1,2}0 1 2
satisfying 1p -x1$1p -y1. Leti i
& &11p -x1-----1p -y11**2 ~ i i(RtKJ)((x,S),(y,Z))t:=t|{p ,p ,p }uT |---------------------------------------------------------------------------||tKt{S}.0 1 2 p x 27 i 7 88
2The set (RtKJ)((x,S),(y,Z)) is finite. Suppose, on the contrary, that
2 2f:(R KJ)((x,S),(y,Z))-----LRtKJ is a homomorphism of R and f((x,S))=(y,Z). By theJ
-1 2Note the graph R uR is connected on (R KJ)((x,S),(y,Z)). Therefore f mapsJ J
& &11p -x1-----1p -y11**~ i i|{p ,p ,p }uT |---------------------------------------------------------------------------||tKt{S}0 1 2 p x 27 i 7 88
2into R K{Z}. From this, there is a uniquely determined transformation
&11p -x1-----1p -y11*- ~ i i 2ft:t{p ,p ,p }uT |---------------------------------------------------------------------------|t-----LtR0 1 2 p x 2i 7 8
- -satisfying: f=<f,p>, f(x)=y. Obviously
&11p -x1-----1p -y11*- / ~ i i \ / 2 \ft:t t{p ,p ,p }uT |---------------------------------------------------------------------------| , St t-----Lt R , Z\ 0 1 2 p x 2 / \ /i 7 8
- -is a homomorphism. According to Observationt1 f(p )=p , by Observationt2 fi i
preserves all unit distances. From this, applying the Note and the Lemma we
obtain
11p -x1-1p -y11 11p -x1-1p -y11- - - # i i i i $1p -f(x)1=1f(p )-f(x)1tet 1p -x1t-t---------------------------------------------------------------------------t,t1p -x1t+t--------------------------------------------------------------------------- .i i 3 i 2 i 2 4
On the other hand
11p -x1-1p -y11 11p -x1-1p -y11# i i i i $tttttttttttttttt1p -y1tmt 1p -x1t-t---------------------------------------------------------------------------t,t1p -x1t+t--------------------------------------------------------------------------- .i 3 i 2 i 2 4
-Therefore f(x)$y. This contradicts our assumption.
2tttSecond case: x=y so S$Z. Since S$Z there exist u,vtetR such that 1u-v1=1,
2(u,v)eS, (v,u)mS, (v,u)eZ, (u,v)mZ. There exist points x ,x ,...,xttetR (kew)0 1 k
satisfying: x =x, x =p , 1x -x 1=1 (0<i<k-1). Let0 k 0 i i+1
& *2 ~ &1* ~ &1*(R KJ)((x,S),(y,Z))t:=t|t{x ,x ,...,x }ttuttutttttttT ----- tutTt ----- t|tKt{S}.0 1 k p u7j8 p v7j87 jew i i 8
ie{0,1,2}
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2The set (R KJ)((x,S),(y,Z)) is countable. Suppose, on the contrary, that
2 2f:(R KJ)((x,S),(y,Z))-----LRtKJ is a homomorphism of R and f((x,S))=(y,Z). By theJ
-1 2Note the graph R uR is connected on (R KJ)((x,S),(y,Z)). Therefore f mapsJ J
& *~ &1* ~ &1*|t{x ,x ,...,x }ttuttutttttttT ----- tutTt ----- t|tKt{S}0 1 k p u7j8 p v7j87 jew i i 8
ie{0,1,2}
2into R K{Z}. From this, there is a uniquely determined transformation
- ~ &1* ~ &1* 2ft:t{x ,x ,...,x }ttuttutttttttT ----- tutTt ----- t-----LtR0 1 k p u7j8 p v7j8jew i i
ie{0,1,2}
- -satisfying: f=<f,p>, f(x)=y. Obviously
- / ~ &1* ~ &1* \ / 2 \ft:t {x ,x ,...,x }ttuttutttttttT ----- tutTt ----- t, St t-----Lt R , Z\ 0 1 k p u7j8 p v7j8 / \ /jew i i
ie{0,1,2}
-is a homomorphism. By Observation 2 f preserves all unit distances. Therefore,
-by the Note and the Lemma f preserves distances 1p -u1, 1p -u1, 1p -u1,0 1 2
1p -v1, 1p -v1, 1p -v1. On the other hand, according to Observation 10 1 2
- - - - -f(p )=p , f(p )=p , f(p )=p . From this f(u)=u and f(v)=v. Since f is a0 0 1 1 2 2
- -homomorphism of R and (u,v)eS we conclude that ((f(u),p(S)),(f(v),p(S)))tetRJ J
i.e. (u,v)eZ. This contradicts our assumption.
tttWe have proved Theorem 3.
tttCorollary. Conjecture 1 is valid for k=w.
ww 2tttProof. Assume that k=w. According to Theorem 3 if 2tt<tcardtAt<t2 then
there exists a relation RtctAtKtA which satisfies the condition (*). On the
asup{2 :aeCard,a<w} wother hand, in virtue of Theorem 1 if cardtAt<t2 t=t2 then
there exists a relation RtctAtKtA which satisfies the stronger
conditiont(**), so the condition (*) holds too.
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